Isospin relaxation times characterizing isospin transport processes between the projectile and the target with different N/Z ratios and that between the neck and the spectator with different isospin asymmetries and densities in intermediate-energy heavy-ion collisions are studied within an isospindependent Boltzmann-Uehling-Uhlenbeck transport model using the lattice Hamiltonian approach. The respective roles and time scales of the isospin diffusion and drift as the major mechanisms of isospin transport in intermediate-energy heavy-ion collisions are discussed. Effects of nuclear symmetry energy and neutron-proton effective mass splitting on the isospin relaxation times are examined.
I. INTRODUCTION
Understanding properties of isovector nuclear interactions as well as the related nuclear symmetry energy and the neutron-proton effective mass splitting in neutronrich matter is a major thrust of nuclear science. In particular, the density dependence of nuclear symmetry energy E sym (ρ) has important ramifications in not only nuclear structures and nuclear reactions but also several areas of astrophysics and cosmology. Despite of the great efforts made over the last few decades, E sym (ρ) at both subsaturation and suprasaturation densities are still poorly known, see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] for reviews. The nucleon effective mass is a fundamental quantity characterizing the nucleon's propagation in nuclear medium [12] [13] [14] , and it is related to the momentum/energy dependence of the nucleon potential in the non-relativistic approach. In recent years, whether the neutron-proton effective mass splitting m * n−p (m * n−p ≡ m * n − m * p ) is negative, zero, or positive in neutron-rich matter becomes a hotly debated topic. It affects the isospin dynamics in nuclear reactions [15] [16] [17] [18] [19] [20] [21] , thermodynamic and transport properties of neutron-rich matter [22] [23] [24] [25] [26] , and isovector giant dipole resonances in neutron-rich nuclei [27, 28] . Moreover, based on the Hugenholtz-Van Hove theorem, the isospin splitting of the nucleon effective mass is closely related to the nuclear symmetry energy [29, 30] . For a very recent review on the nucleon effective mass in neutron-rich medium, we refer the reader to Ref. [31] .
Heavy-ion reactions at intermediate energies provide a means to probe the nuclear symmetry energy and the neutron-proton effective mass splitting in neutron-rich matter. In particular, both the degree and time scale for isospin transport in heavy-ion reactions are known to be affected by nuclear isovector interactions [32] [33] [34] . There * corresponding author: xujun@sinap.ac.cn are two driving mechanisms for isospin transport, i.e., the isospin diffusion and the isospin drift. The isospin diffusion is the dominating effect when the projectile and the target nuclei have different N/Z ratios [35] . The degree of isospin mixing as a result of isospin transport between the two nuclei is quantitatively described by the so-called isospin transport ratio. The latter was proposed to be a useful probe of the nuclear symmetry energy [36, 37] . It was later realized that the isospin transport ratio is affected by the momentum dependence of the nucleon potential [38] , the in-medium nucleon-nucleon scattering cross section [39] , and the neutron-proton effective mass splitting [18] . On the other hand, since different density regions can be reached in intermediate-energy heavy-ion collisions, they generally have different isospin asymmetries due to the isospin fractionation effect depending on the density dependence of the nuclear symmetry energy, i.e., the low-density neck region in non-central heavy-ion collisions is more neutron-rich compared to the normaldensity spectator. The isospin transport between the neck and the spectator is driven by both the isospin diffusion and the isospin drift. While various observables have been proposed to measure the degree of isospin transport in heavy-ion reactions, it has been rather challenging to obtain experimental information about the time scale of isospin transport. Very interestingly, the isospin relaxation time for the neck and the spectator in the projectile-like fragment (PLF) or target-like fragment (TLF) to reach isospin equilibrium was recently extracted by a group at Texas A&M University (TAMU) [40] . It is thus physically useful and timely to know how sensitive the isospin relaxation time in PLF or TLF is to E sym (ρ) and/or m the stability for the momentum-dependent mean-field potential at lower beam energies, the lattice Hamiltonian (LH) method [41] was employed for calculating the meanfield potential. Appreciable effects of E sym (ρ) and m * n−p on the isospin relaxation time are observed. However, they are much smaller than the current uncertainty range of the isospin relaxation time extracted from the experiment by the TAMU group.
The following part of the manuscript is organized as follows. Section II briefly introduces the ImMDI interaction as well as the LH method in calculating the meanfield potential for the IBUU transport simulation. We discuss the isospin transport process between projectile and target in central 40 Ca + 124 Sn collisions, and study the isospin transport process between neck and spectator within the PLF in non-central 70 Zn+ 70 Zn collisions in Sec. III. A summary is made in Sec. IV.
II. THEORETICAL FRAMEWORK
A. An improved isospin-and momentum-dependent interaction The potential energy density of the ImMDI interaction can be obtained from an effective two-body interaction with a zero-range density-dependent term and a finiterange Yukawa-type term based on the Hartree-Fock calculation [42, 43] . In the asymmetric nuclear matter with isospin asymmetry δ and nucleon number density ρ, it has the following form [24, 42] 
In the above, ρ n and ρ p are number densities of neutrons and protons, respectively, ρ 0 is the saturation density, δ = (ρ n − ρ p )/ρ is the isospin asymmetry, and f τ ( r, p) is the phase-space distribution function, with τ = 1(−1) for neutrons (protons) being the isospin index. The singleparticle mean-field potential for a nucleon with momentum p and isospin τ in the asymmetric nuclear matter with isospin asymmetry δ and nucleon number density ρ can be obtained from Eq. (1) through the variational principle as
where the four parameters A u , A l , C τ,τ , and C τ,−τ can be expressed as [24] A l (x, y)
In the above, p f 0 = (3π 2 ρ 0 /2) 1/3 is the nucleon Fermi momentum in symmetric nuclear matter at saturation density. The isovector parameters x and y are introduced to mimic the density dependence of the symmetry energy, i.e., the slope parameter L = 3ρ 0 (dE sym /dρ) ρ=ρ0 , and the momentum dependence of the symmetry potential or the neutron-proton effective mass splitting. The values of the parameters are A 0 = −66.6973 MeV, C u0 = −99.67 MeV, C l0 = −60.36 MeV, B = 141.697 MeV, σ = 1.2658, and Λ = 2.423p f 0 , in order to obtain the empirical nuclear matter properties: the saturation density ρ 0 = 0.16 fm −3 , the binding energy E 0 (ρ 0 ) = −16 MeV, the incompressibility K 0 = 230 MeV, the symmetry energy E sym (ρ 0 ) = 32.5 MeV, the isoscalar potential at infinitely large momentum U 0,∞ = 75 MeV, and the isoscalar effective mass at saturation density m * s = 0.7m, with m being the nucleon mass in vacuum. The non-relativistic k-mass in the present study is defined as
B. Lattice Hamiltonian approach within the IBUU transport model
The IBUU transport model [1] has incorporated properly the isospin degree of freedom into the BUU transport model [44] , with the later basically solving numerically the BUU equation
where dσ dΩ and v 12 are respectively the nucleon-nucleon differential cross section and relative velocity. The lefthand side of the above BUU equation describes the time evolution of the phase-space distribution function f ( r, p) in the mean-field potential, and this can be approximately realized by solving the canonical equations of motion for test particles [44, 45] . In this approach, the phase-space distribution f ( r, p) as well as the local density can be obtained by averaging N parallel collision events:
where h is a smooth function in coordinate space, and A is the number of real particles, with each represented by N test particles. In order to improve the stability for the momentumdependent mean-field potential especially at lower collision energies, we improve the calculation by using a better function h based on the lattice Hamiltonian framework as in Ref. [41] . The average density ρ L at the sites of a three-dimensional cubic lattice is defined as
where α is a site index and r α is the position of site α. S is the shape function describing the contribution of a test particle at r i to the value of the average density ρ L ( r α ) at r α , i.e.,
with
In the above, l is the lattice spacing, n determines the range of S, and Θ is the Heaviside function. In the following study, we adopt the values of l = 1 fm and n = 2. After using the above smooth function ρ L ( r α ), the Hamiltonian of the system can be expressed as
with the total potential energy expressed as
where ρ L,n ( r α ) and ρ L,p ( r α ) are respectively the number density of neutrons and protons at r α . The canonical equations of motion for the ith test particle of isospin τ i from the above Hamiltonian can thus be written as
III. RESULTS AND DISCUSSIONS
In the following study, we employ the improved IBUU transport model using the LH approach and the Im-MDI interaction to investigate the isospin transport in heavy-ion collisions at intermediate energies. Generally speaking, effects of the isospin transport in intermediateenergy heavy-ion collisions may manifest itself in both the single-nucleon momentum spectra and fragment distributions in the final state [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] . While the IBUU transport model does not have the dynamical cluster formation mechanism, it is a useful tool for investigating the isospin transport dynamics by tracing the evolution of the isospin asymmetry during the reaction. Our following study is divided into two parts. In the first part, we study effects of the symmetry energy E sym (ρ) and the neutron-proton effective mass splitting m isospin transport process between the projectile and the target with different N/Z ratios. The degree and time scale of the isospin transport are investigated by using a method similar to that used in Ref. [35] . In the second part, we investigate the isospin transport process between the low-density neutron-rich neck and the normal-density but less neutron-rich spectator in the projectile-like fragment as in the recent experiment done at TAMU [40] . By varying values of the x and y parameters in the Im-MDI interaction, heavy-ion collisions are simulated with different slope parameters L of the symmetry energy and the neutron-proton effective mass splittings m * n−p . Typical isospin splittings of the nucleon effective mass used in the following studies are m * n−p /m = 0.426δ by setting y = −115 MeV as an example of m * n−p > 0, and m * n−p /m = −0.251δ by setting y = 115 MeV as an example of m * n−p < 0. We note that the parameterizations of (x = 0, y = −115 MeV) and (x = 1, y = 115 MeV) give the same symmetry energy with L = 60 MeV but different m * n−p [24] . The initial density distribution of the projectile and the target nucleus is sampled according to that generated from the Skyrme-Hartree-Fock calculation with the same nuclear matter properties as in the ImMDI interaction, so the neutron skin effect is properly taken into account. The initial nucleon momentum distribution is sampled using the local Thomas-Fermi approximation with the isospin-dependent nucleon Fermi momentum determined by the local neutron or proton density.
A. Isospin transport between projectile and target with different N/Z ratios
As an example for studying the isospin transport process between the projectile and the target with different N/Z ratios, 40 Ca + 124 Sn collisions at an impact parameter of 1 fm and beam energies from 25 to 300 AMeV are simulated with the improved IBUU transport model. Similar to Ref. [35] , the relative neutron/proton ratios in the bounded residue (defined as regions where ρ > ρ 0 /8) at forward and backward rapidities in the center-of-mass frame of the projectile-target system
is used to measure the degree of isospin equilibrium. The fractions of particles in the resides in 40 Ca + 124 Sn collisions at beam energies from 25 to 300 AMeV using the parameter set of (x = 0, y = −115 MeV) for the ImMDI interaction are shown in Fig. 1 . The time evolutions of these fractions mainly reflect the time scales of particle emissions. Reaching a flat fraction of bounded particles indicates that the particle emission is over. It is seen that this time scale drops quickly with increasing beam energy. As the beam energy changes from 25 to 300 AMeV, the particle emission time scale changes approximately from 150 fm/c to about 75 fm/c. Such time scales set a useful reference for discussing the isospin relaxation times. In order to reveal the symmetry energy effect on the isospin relaxation, we have done the same calculations with the parameterization of (x = 1, y = −115 MeV), which leads to the same neutron-proton effective mass splitting as (x = 0, y = −115 MeV) but a softer E sym (ρ) with a slope parameter of L = 10 MeV. With different slope parameters L of the symmetry energy and the neutron-proton effective mass splittings, the time evolutions of the isospin equilibration meter [λ(t)−1]/[λ(0)−1] are displayed in Fig. 2 as functions of time at various beam energies. As in Ref. [35] Fig. 1 , the fraction of masses in the resides are still decreasing as the isospin oscillations continue. More quantitatively, with the parameter set of (x = 0, y = −115 MeV), the fractions of masses in the residues at 25 AMeV are about 84% and 71%, respectively, when [λ(t) − 1]/[λ(0) − 1] reaches zero for the first and the second time, respectively. For the reaction at 300 AMeV, they are about 89% and 13%, respectively. The isospin relaxation times from simulations using different L and m * n−p at beam energies from 25 to 300 AMeV are compared in Fig. 3 . Generally, a softer symmetry energy with L = 10 MeV leads to a shorter isospin relaxation time. This is understandable since the symmetry energy at the dominating low-density phase acts as a restoring force for the system to reach isospin equilibrium, and the time for reaching isospin equilibrium becomes shorter if this force is stronger. The case with m * n−p < 0 generally leads to a longer isospin relaxation time, especially at higher collision energies. This is due to the weaker symmetry potential at lower momenta for m * n−p < 0 than that from m * n−p > 0, especially when the density increases, as can be seen from Fig. 8 of Ref. [24] . The above calculations were done with the isospin-dependent in-medium nucleon-nucleon scattering cross sections scaled by the nucleon effective mass [39] . We have also tried free-space nucleon-nucleon scattering cross sections in the calculations, and found that the difference is much smaller compared to those caused by the nuclear symmetry energy and the neutron-proton effective mass splitting.
Because the symmetry energy generally increases with increasing density, a neutron-richer neck (compared to the less neutron-rich spectator) is expected to be formed in non-central heavy-ion reactions as a result of the isospin fractionation effect. Such effect has been studied extensively in the literature and is well understood, see, e.g., Refs. [2, 4] for reviews. However, it is not so clear how fast the neutron-rich neck exchanges its isospin asymmetry with the spectator and how this process may depend on the properties of isovector nuclear interactions. Interestingly, an experimental investigation on the isospin transport process between the neck and the spectator in non-central 70 Zn+ 70 Zn collisions at a beam energy of 35 AMeV was recently carried out by the TAMU group [40] . It was assumed that the PLF will rotate in a constant angular frequency after the breakup of the neck while the more neutron-rich light fragment (LF) from the neck and the less neutron-rich heavy fragment (HF) from the spectator evolve towards an isospin equilibrium state. The alignment angle serves as a clock once the angular momentum of the PLF is known, and the difference in isospin asymmetry between the LF and the HF was found to decrease with the increasing alignment angle. The neck formation and fragmentation were previously investigated using the constrained molecular dynamics model [56] . Although the fragmentation process is not properly described in the IBUU, some useful information can still be obtained by tracing the isospin asymmetry in heavy-ion collisions. Plotted in Fig. 4 are the isospin asymmetry contours from calculations using different symmetry energies and neutron-proton effective mass splittings. The rotation of the whole system can be clearly observed. Moreover, the time evolutions of the less neutron-rich normal-density phase and the more neutron-rich low-density phase are vividly shown. A stiffer symmetry energy with a larger slope parameter L generally leads to a more neutron-rich neck, while the neutron-proton effective mass splitting seems to have only small effects on the evolution of the isospin asymmetry. To further examine effects of the symmetry energy and isospin splittings of the nucleon effective mass on the isospin fractionation, the correlation between the isospin asymmetry δ and the reduced nucleon number density ρ/ρ 0 is shown in Fig. 5 . It is more clearly seen that a stiffer symmetry energy leads to a more neutron-rich low-density phase, while the isospin asymmetry of the low-density phase is insensitive to the isospin splitting of the nucleon effective mass. The case with L = 90 MeV for the first half of the reaction but L = 60 MeV for the latter half in the bottom row of Fig. 4 is to study the isospin transport between the neck and the spectator with different symmetry energies but starting from the same initial isospin asymmetry difference. This will be further discussed later. As seen from Fig. 4 , the neutron-rich neck is gradually assimilated by the spectator in the later stage, and the PLF will eventually reach an isospin equilibrium. In our IBUU calculations, the PLF, defined as bounded nucleons (ρ > ρ 0 /8) at z > 0, doesn't break up into a neutron-rich LF and a less neutron-rich HF. In order to describe quantitatively the isospin relaxation within the PLF, we examine the isovector dipole moment
where R Z (t) and R N (t) are the centers of mass of neutrons and protons in the PLF, respectively. This quantity is similar to the operator for isovector giant dipole resonances (IVGDR) [28] . The full isospin equilibrium in the PLF is reached when | D(t)| is 0. Figure 6 displays the time evolution of | D(t)| in the later stage of non-central 70 Zn + 70 Zn reactions from simulations using different symmetry energies and neutron-proton effective mass splittings, corresponding to the four scenarios in Fig. 4 . The instant t = 170 fm/c is taken as the initial time when the norm of the dipole moment is the largest. The different initial | D(t)| values correspond to different isospin asymmetries of the neck from using different symmetry energies. The | D(t)| shows not only an exponential decay but also a damped oscillation, with the later similar to that of an IVGDR. Based on this observation, we fit the time evolution of | D(t)| using
. (20) The second term in the above expression is also used in our previous study of IVGDR [28] . The simulation results of | D(t)| are fitted reasonably well with Eq. (20) as shown by the solid black lines in Fig. 6 . The fitting parameters in the four scenarios are given in Table I . Comparing results from using the same L but different m * n−p , it is seen that the difference is mainly in the oscillation part, i.e., the second term in Eq. (20) . A slower decay of the oscillation magnitude and a lower frequency is observed for the case of m * n < m * p compared with the m * n > m * p case. This is qualitatively consistent with that observed in Ref. [28] , as a result of the weaker symmetry potential in the case of m * n < m * p at lower nucleon momenta [24] . From Table I . It is worth noting that the isospin relaxation time τ is quite long for m * n < m * p , qualitatively consistent with our findings in Sec. III A.
It is interesting to note that for the same m * n−p , the calculation with L = 90 MeV leads to a shorter isospin relaxation time τ than that with L = 60 MeV. However, this seems to be opposite to what we found in Sec. III A. This discrepancy is mainly due to different initial | D(t)| values from different L. Neglecting the effective mass difference between neutrons and protons, the isovector current can be expressed as [4, 33, 34, 49] 
where the difference of the drift coefficient D The slope paramters of the symmetry energy L, the neutron-proton effective masse splitting m * n−p , and the parameters from fitting the isovector dipole moment according to Eq. (20) corresponding to the four scenarios in Figs. 4 and 6 , as well as the final isospin relaxation time τ . related to the nuclear symmetry energy via
In the analysis in Sec. III A, it is understood that the isovector current is dominated by the isospin diffusion, i.e., mainly due to the gradient of the isospin asymmetry ∇δ as a result of different N/Z ratios between the projectile and the target. A smaller L corresponding to a larger symmetry energy at the dominating low-density phase leads to a larger isovector diffusion coefficient D I n − D I p , and thus a stronger isovector current j n − j p . In the analysis of isospin transport between the neck and the spectator, the isovector current is driven by both the isospin diffusion and the isospin drift, i.e., due to the gradients of both the isospin asymmetry ∇δ and the density ∇ρ. Fig. 4 , the evolution of the isospin asymmetry becomes different for t > 170 fm/c as expected. In Fig. 6 , it is seen that | D(t)| is the same in the initial stage, but drops more quickly and oscillates more strongly in the later stage, compared to the scenario with a fixed L = 90 MeV throughout the simulation. After considering the oscillation, the overall isospin relaxation time τ is shorter as shown Table I , due to the same initial ∇δ from L = 90 MeV at t = 170 fm/c but a stronger restoring force from L = 60 MeV at t > 170 fm/c.
The above analyses were done at the impact parameter of 4 fm, which is larger than the average value of mini-bias 70 Zn+ 70 Zn collisions. This is similar to the experimental situation where more peripheral collision events were chosen [57] . With a smaller impact parameter, there will be more participating nucleons, a higher-density and less neutron-rich neck, and thus a weaker isovector current due to the smaller gradients of the density and isospin asymmetry according to Eq. (21) . From our simulations with similar analysis method, we found that the isospin relaxation time generally increases with a smaller impact parameter.
IV. SUMMARY
Within an improved isospin-dependent BoltzmannUehling-Uhlenbeck transport model using the lattice Hamiltonian method to calculate the mean-field potential, we have studied the effects of the nuclear symmetry energy and the neutron-proton effective mass splitting on the isospin relaxation time in two different isospin transport processes in intermediate-energy heavy-ion collisions. In the isospin transport process dominated by the isospin diffusion between the projectile and the target with different N/Z ratios, the isospin relaxation time is generally shorted for a softer symmetry energy compared with a stiffer one, and longer for m * n < m * p compared with m * n > m * p . The situation is different in the isospin transport process between the low-density neutron-rich neck and the normal-density but less neutron-rich spectator driven by both the isospin diffusion and the isospin drift mechanisms in non-central heavy-ion collisions. In this case, the isospin relaxation time is shorter for a stiffer symmetry energy because the isospin asymmetry of the neck is also affected by the symmetry energy, while the effect from the isospin splitting of the nucleon effective mass is qualitatively similar. Although the extracted isospin relaxation time in 70 Zn+ 70 Zn collisions from the present study is within the experimental uncertainty range, i.e, 0.3± 0.7 0.2 zs (100± 233 67 fm/c) from Ref. [40] , significant improvement of the accuracy for measuring experimentally the isospin relaxation time and additional information about the collision centrality are necessary to extract useful information about the symmetry energy and the neutron-proton effective mass splitting from comparing quantitatively the model calculations with the experimental result. Meanwhile, our study may help better understand the isospin diffusion and the isospin drift mechanisms for the isospin transport in intermediateenergy heavy-ion collisions.
